This paper summarises a numerical investigation of the short time, possibly transient, behaviour of ensembles of stochastic orbits evolving in xed nonintegrable potentials, with the aim of deriving insights into the structure and evolution of galaxies. The simulations involved three di erent two-dimensional potentials, quite di erent in appearance. However, despite these di erences ensembles in all three potentials exhibit similar behaviour. This suggests that the conclusions inferred from the simulations are robust, relying only on basic topological properties, e.g., the existence of KAM tori and cantori. Generic ensembles of initial conditions, corresponding to stochastic orbits, exhibit a rapid coarse-grained approach towards a near-invariant distribution on a timescale t H , the age of the Universe. This approach is exponential in time, with a rate, , that exhibits a direct correlation with the value of the Liapounov exponent, . However, this near-invariant distribution does not correspond to the true invariant measure: If this distribution be evolved for much longer timescales one sees systematic evolutionary e ects associated with di usion through cantori, which on short timescales divide stochastic orbits into two distinct classes, namely con ned and uncon ned. For the deterministic simulations described herein, the timescale for this di usion is t H , although various irregularities associated with external and/or internal irregularities can drastically accelerate this process. A principal tool in the analysis is the notion of a local Liapounov exponent, which provides a statistical characterisation of the overall instability of stochastic orbits over nite time intervals. In particular, there is a precise sense in which con ned stochastic orbits are less unstable, with smaller local Liapounov exponents, than are uncon ned stochastic orbits.
INTRODUCTION
Recently, substantial attention has focused on the application of ideas and techniques from nonlinear dynamics, e.g., the identi cation of families of regular orbits, the possibility of stochastic (i.e., chaotic) orbits, and the role of KAM tori and cantori, to a variety of problems in galactic dynamics. In particular, a great deal of work has been done on the study of orbits in various model potentials assumed to represent the average gravitational potential associated with the mass distribution within a galaxy (cf. H enon and Heiles 1964 , Contopoulos 1971 , Binney 1978 , Heisler, Merritt, & Schwarzschild 1982 , de Zeeuw 1985 , Martinet & Pfenniger 1987 ). These applications have been quite successful for the case of regular orbits. However, as noted, e.g., by Udry & Pfenniger (1988) , di culties can arise if one attempts a completely straightforward application of techniques from nonlinear dynamics to the analysis of stochastic orbits.
For example, the Liapounov exponent, which plays a central role in characterising the degree of chaos exhibited by a stochastic orbit, is de ned formally only in a late time t ! 1 limit (cf. Bennetin, Galgani, & Strelcyn 1976) . Clearly one cannot integrate forever to compute the values of these exponents. However, as a practical matter (cf. Contopoulos & Barbanis 1989) one must typically integrate for a very long time, e.g., t f in 10 4 characteristic crossing times t cr or more, to obtain reliable estimates. For many systems in chemistry and physics this is no problem, since the fundamental time scale for the system is extremely short. However, in terms of their natural time scale, galaxies are relatively young, only 100 ? 200 t cr in age, so that following an orbit for a time > 10 4 t cr entails an integration for a period of time orders of magnitude longer than the age of the Universe, t H .
Given this observation, it is natural to seek alternative characterisations of stochastic orbits which focus exclusively on shorter time behaviour, restricting attention to time scales t H . This is di cult at the level of individual orbits (cf. Ott 1993) . Stochastic orbits typically exhibit substantial variability on short time scales in a fashion which can depend signi cantly on both the details of the potential and the precise choice of initial conditions. However, one can still make sense of short time behaviour by focusing on ensembles of orbits and restricting attention to their statistical properties. As has been noted elsewhere (cf. Contopoulos, Kandrup, & Kaufmann 1993 , Kandrup & Mahon 1994a , the statistical properties of ensembles of orbits can be relatively easy to characterise; and, as will be exhibited here, certain aspects 2 of these statistical properties seem insensitive to the detailed form of the potential.
A consideration of ensembles of orbits is physically well motivated when studying systems like galaxies. It is, for example, obvious that individual stellar orbits are not accessible observationally. All that one can detect is an instantaneous snapshot of the overall surface brightness of a galaxy and the projected velocity distribution which, given an assumption that light traces mass, can in principle be deconvolved to yield pieces of the one-particle distribution function (cf. Dejonghe & Merritt 1994) .
In the context of N-body simulations, one does have access to individual orbits. However, even these are problematic. Even assuming that individual orbits can be trusted in a pointwise sense, it is not clear how one ought to proceed in analysing them; and, in fact, there is good reason to suspect that the orbits cannot be so trusted. The sensitive dependence on initial conditions manifest by these orbits (cf. Miller 1964 , Goodman, Heggie, & Hut 1994 , or Kandrup, Mahon, & Smith 1994 , and references cited therein) means that truncation and roundo errors will cause the true and computed orbits to diverge exponentially on a relatively short time scale; and numerical experiments suggest further that the true orbits cannot even be \shadowed" (cf. Sauer & Yorke 1991) numerically over time scales as long as the age of the Universe (cf. Quinlan & Tremaine 1992 , Willmes 1994 .
A consideration of orbit ensembles is also natural if one is interested in constructing self-consistent models of galaxies. Indeed, if one wishes to implement Schwarzschild's (1979) method, or any variant thereof, it is important to identify the natural \building blocks" of orbits in terms of which to construct the galaxy. Some workers have sought to build models involving only regular orbits (cf. de Zeeuw & Schwarzschild 1989 , Goodman & Schwarzschild 1981 , Schwarzschild 1979 . However, there is no a priori reason to assume that real galaxies are comprised exclusively of regular orbits, so that, as noted, e.g., by Sellwood & Wilkinson (1993) , it is also reasonable to construct models that involve a coexistence of regular and stochastic orbits. Indeed, some workers (cf. Pfenniger 1984 , Contopoulos 1993 have argued that, even if regular orbits play a crucial role by providing a \skeleton" for the galaxy, it may be equally crucial to augment them by stochastic orbits if one is to obtain a satisfactory model. In particular, there are indications that stochastic orbits can arise naturally in models involving barred spirals (cf. Sparke & Sellwood 1987 , Pfenniger & Friedli 1991 or a large central mass (cf. Udry & Pfenniger 1988 , Hasan & Norman 1990 . One is thus led to consider ensembles of stochastic orbits as one of the possible building blocks for self-consistent galaxies.
Given these motivations, it seems reasonable to modify the standard techniques of nonlinear dynamics, which entail a theory of asymptotic orbital dynamics, to provide an alternative theory of transient ensemble dynamics, involving a statistical analysis of the short time, possibly transient, behaviour of collections of stochastic orbits. Such a reformulation was proposed in an earlier paper (Kandrup & Mahon 1994b) . The objective of this present paper is twofold, viz: (1) to further articulate this alternative viewpoint and, especially, (2) to show that this approach leads to physically signi cant conclusions that are independent of the detailed form of the potential.
A fundamental concept in all this is that of an invariant measure. Mathematically, an invariant measure corresponds to a probability distribution which, if evolved into the future using the equations of motion, remains invariant (cf. Lichtenberg & Lieberman 1992) . In other words, it yields a time-independent statistical equilibrium. The invariant measure is, for example, the natural building block for the construction of self-consistent models which include stochastic orbits.
Consider for speci city orbits in a xed, time-independent potential, where the energy E is conserved, and suppose that there are no other conserved quantities. If, for some E, the phase space is completely stochastic, so that there are no regions with regular orbits, this invariant measure will correspond to a microcanonical distribution, i.e., a uniform sampling of the constant energy hypersurface. However, in general the phase space will admit both regular and stochastic orbits; and, in this case, the invariant measure for the stochastic orbits will correspond to a uniform sampling of the portion of the constant energy hypersurface that is accessible to the orbits.
In general, one might anticipate that, over su ciently long time scales, a generic ensemble of initial conditions corresponding to stochastic orbits will exhibit a coarsegrained evolution towards this invariant measure. However, there is no a priori guarantee as to how, or at what rate, this evolution will proceed. Signi cantly, though, numerical experiments (cf. Kandrup & Mahon 1994a) indicate that the approach can be exponential in time and that the characteristic time scale associated with the approach can be t H . Thus, for example, for each of the potentials analysed in this paper one observes a coarse-grained evolution towards a distribution which, to within statistical uncertainties, appears to be approximately constant in a time-averaged sense, although it could still exhibit systematic time-dependent oscillations.
However, there is no guarantee that this rapid exponential evolution is towards a true invariant measure, and indeed, there is evidence that this near-invariant measure can exhibit systematic changes on much longer time scales t H . These changes are especially evident for energies where the phase space consists of large islands of regularity embedded in a surrounding stochastic sea, and appear to be associated with the existence of cantori surrounding the regular islands. These cantori correspond to fractured KAM tori, associated with the onset of global stochasticity, from which regions have been removed in such a fashion as to convert each torus into a Cantor set (Mather 1982) . Because there are gaps in these cantori, orbits can pass through them, unlike the case of KAM tori, which serve as absolute barriers. However, such a penetration will typically be di cult, as it entails orbits wandering through a maze in order to get in or out (cf. the \turnstile" model of MacKay, Meiss, & Percival 1984a,b ). An orbit initially outside these cantori will eventually probe the inner regions, but only after penetrating the barrier via a slow process of so-called intrinsic di usion on a time scale t H . Similarly, a stochastic orbit originally trapped near an island may only escape on very long time scales (cf. Contopoulos 1971) . In the past, this phenomenon has been observed for various maps, e.g., the sawtooth Fermi map considered by Lieberman and Lichtenberg (1972) . One major objective of this paper is to demonstrate that an analogous behaviour can arise for continuous Hamiltonian systems, characterised by a smooth potential, and to discuss the implications of this behaviour for problems in galactic dynamics.
Suppose that, for given energy E, the phase space consists of regular islands embedded in a surrounding stochastic sea, and that the stochastic sea is connected, i.e., that there are no absolute barriers preventing an orbit from passing anywhere in the sea. In this case, it is clear that, viewed over su ciently long time scales, there are only two classes of orbits, namely regular orbits with zero Liapounov exponent (possibly comprised of di erent orbit types) and stochastic orbits with nonzero Liapounov exponent, which pass throughout the stochastic sea. However, on shorter time scales, the stochastic orbits themselves may divide approximately into two seemingly distinct classes, namely lling stochastic orbits, which move unimpeded throughout the stochastic sea, and sticky, or con ned, stochastic orbits, which, because of the in uence of cantori, are e ectively trapped near the islands of regularity. In a sense to be made precise below (cf. Grassberger et al 1988 , Kandrup & Mahon 1994b , one can say that both the con ned and the lling stochastic orbits have nonvanishing \local" Liapounov exponents, but that, overall, the local Liapounov exponents for the con ned orbits can be substantially smaller in magnitude.
Section 2 begins by describing the three di erent potentials which were analysed numerically to yield the conclusions presented in the remainder of the paper. It continues by recalling the notion of a Liapounov exponent, as de ned in a t ! 1 limit, and then generalising this notion to yield a local, or short time, Liapounov exponent, which provides a characterisation of the local degree of instability along a nite segment of a given stochastic orbit. In particular, by considering collections of local Liapounov exponents for an ensemble of orbit segments, one is led to compute distributions of local Liapounov exponents, N( ), which can provide useful information about various statistical properties of the ensemble.
Section 3 summarises the evidence indicating that generic ensembles of initial conditions, corresponding to uncon ned stochastic orbits, exhibit a coarse-grained exponential evolution towards a near-invariant distribution, and then shows that the rate, (E), associated with this approach correlates with the value of the ordinary Liapounov exponent, (E), as de ned in the usual way, via a t ! 1 limit. Local Liapounov exponents are then used to demonstrate that the near-invariant measure does not correspond exactly to the true invariant measure. The Ergodic Theorem implies an equivalence of temporal and phase space averages, provided that the phase space average is computed with respect to the invariant measure. This means that, if the near-invariant measure corresponds to a true invariant measure, the distribution of local Liapounov exponents, N orb ( ( t)), generated from the long time integration of a single orbit partitioned into segments of length t should coincide with the distribution, N inv ( ( t)), associated with a sampling of the invariant measure evolved for a short period t. For certain values of the energy, these two distributions do in fact appear to coincide but, for other values, signi cant di erences are observed.
Section 4 interprets these di erence in terms of the role of cantori. For phase space regions where regular orbits, and hence cantori, are relatively unimportant, the distributions N orb and N inv typically assume similar, near Gaussian, forms. However, these distributions can become distinctly non-Gaussian, and dissimilar, in regions where regular orbits are more abundant. In these regions, the long time N orb can acquire a prominent secondary maximum at small values of , even though the short time distribution N inv has little support at these values. This re ects the fact that, on short time scales, initially lling stochastic orbits avoid the regions near the islands, where the local Liapounov exponent is typically smaller in magnitude. An analysis of how the dispersions for these distributions vary with t provides additional information as to how the local instability changes along a given orbit.
Section 5 concludes by summarising the principal conclusions of the calculations and commenting on their potential implications for galactic dynamics.
THE MODEL POTENTIALS
This paper describes an investigation of orbits in three di erent potentials, each corresponding to a two degree of freedom Hamiltonian system with canonical variables fx; p x g, fy; p y g. In each case, the Hamiltonian ; (4) with c = 20 2=3 0:136, a = 0:1 and m = 0:3. This value of c ensures that, as for the Toda and D4 potentials, a characteristic crossing time for a typical orbit is, in absolute units, t cr 1. The rst two potentials were chosen for computational convenience whereas, as discussed below, the third seems more realistic astronomically.
Each of these corresponds to a potential which admits a substantial amount of stochasticity. However, these potentials have very di erent shapes and symmetries. The Toda potential manifests a discrete 2 =3 rotation symmetry, the D4 potential a discrete =2 rotation symmetry, and the generalised Kepler potential a discrete rotation symmetry, i.e., a re ection symmetry. The Toda and D4 potentials diverge at in nity whereas, for the third potential, V (x; y) ! 0 at in nity. The rst and third potentials increase monotonically as one moves out from the center of the system, whereas the D4 potential, which corresponds to a \squared Mexican hat" potential, has four minima away from the origin.
The potential (2), obtained via a truncation of the so-called three-particle Toda potential (Toda 1967a,b) is interesting in that it demonstrates how a seemingly small perturbation of an integrable system can lead to a system that admits a large amount of chaos. The second, lowest order truncation yields an integrable system consisting of two linear oscillators. However, as demonstrated theoretically (cf. Yoshida, Ramani, & Grammaticos 1988) and observed numerically for several low order truncations (cf. ), all other truncations are nonintegrable and admit stochastic orbits. At su ciently low energies, the sixth order truncation appears to admit only regular orbits. However, there is a transition to global stochasticity at an energy E 0:80 (cf. Contopoulos & Polymitis 1987) . As the energy increases further, one observes a rapid increase in the relative size of the stochastic phase space regions until E 20, at which point the overall increase decelerates signi cantly. The value of the Liapounov exponent (E), like the relative size of the stochastic region as a fraction of the total phase space, appears to be a monotonically increasing function of energy.
At su ciently low energies, motion in the D4 potential corresponds approximately to linear oscillations about one of the minima, and the orbits all appear to be regular. As the energy is increased, one eventually observes a transition to global stochasticity, and a subsequent increase in the relative size of the stochastic region. However, beyond a certain point E 1:0, the relative size of the stochastic region again decreases, although some stochastic orbits persist at least up to very large energies. This decrease re ects the fact that, for large energies, the potential coincides approximately with a quartic potential, which is known to exhibit relatively little chaos.
The rst two of these potentials are easy to analyse computationally, in that they only involve polynomials, without any square roots or other complicated functions. However, the generalised Plummer potential is clearly more relevant astronomically. As one would expect physically, the potential vanishes at in nity and has a global minimum at the origin, so that, for su ciently low energies, one observes only box orbits. It is, moreover, easy to generate non-negative density distributions (x; y; z) which, via the Poisson equation, yield a V (x; y; z) that reproduces eq. (4) when restricted to the z = 0 plane. These densities can be chosen to represent either an oval disc or the mass distribution within a triaxial elliptical galaxy.
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The generalised Plummer potential exhibits many regular orbits similar to those that have been identi ed in other non-rotating, non-axisymmetric potentials (cf. Binney and Tremaine 1987) . In the context of a self-consistent equilibrium, these are precisely the orbits which one might invoke to support such structures as an elliptic disc or an anisotropic distribution of velocities. However, there are also large number of stochastic orbits, both con ned stochastic orbits trapped near the regular families and uncon ned stochastic orbits that travel relatively unimpeded throughout the remainder of the stochastic sea. This V (x; y) thus illustrates explicitly the fact that one can have potentials which admit both large numbers of regular orbits to support a nontrivial structure and large numbers of stochastic orbits. Several features of this potential, including equipotential surfaces, two surfaces of section for stochastic orbits, and several representative regular orbits, are exhibited in Fig. 1 .
At very low energies, this potential admits only regular box orbits. However, as E is increased, one observes loops and other more complicated regular orbits and, eventually, stochastic orbits as well. For energies below E ? 4:8, there are few if any stochastic orbits. However, above this value the relative abundance of stochastic orbits rapidly increases until, at an energy E ?2:0, the ratio of the relative measures of regular and stochastic orbits appears to approach a roughly constant value.
One important message of this paper is that the basic conclusions are robust in that they hold for all three potentials, which appear quite di erent overall. The only obvious features these systems share are (1) that the Hamiltonian is bounded from below, so that one can restrict attention to a compact phase space; (2) that, for a wide range of energies, the phase space contains large, connected regions corresponding to stochastic orbits; and (3) that the potentials admit discrete symmetries.
The rst two of these features are critical in what follows: In particular, the fact that the accessible phase space is nite in volume implies that one can speak meaningfully of an invariant measure. However, the last point is probably not all that crucial. Substantial evidence (cf. Udry & Pfenniger 1988 ) would suggest (a) that breaking these, or any other, symmetries may enhance the relative size of the phase space regions corresponding to stochastic orbits, but (b) that the qualitative features of the stochastic orbits that do exist are independent of such special symmetries.
Since each of these potentials corresponds to a conservative two degree of freedom system, any given stochastic orbit is characterised by a single nonvanishing Liapounov exponent. Moreover, it appears that every (or almost every) stochastic orbit of given energy E is characterised by the same Liapounov exponent , so that one can speak of a unique (E).
Liapounov exponents can be de ned in several di erent ways, all equivalent mathematically (cf. Chirikov 1979) . For the purposes of this paper, it is most useful to de ne them in a fashion that emphasises explicitly the fact that they characterise the average instability of an individual stochastic orbit towards a small perturbation (cf. Bennetin, Galgani, & Strelcyn 1976) . Speci cally, for an arbitrary system
where z(0) and z(t) denote respectively the Euclidean phase space deviations of two nearby orbits at times 0 and t. Of particular interest is the maximum Liapounov exponent, which can be computed numerically (cf. Contopoulos & Barbanis 1989) by selecting z(0) randomly. The exponents were computed by introducing an initial perturbation x = 10 ?10 , simultaneously integrating the true equations of motion and the associated variational equations, and renormalising the evolved perturbation to a magnitude z = 10 ?10 at successive intervals t = 0:005. To obtain an estimate of the true Liapounov exponent, ten di erent initial conditions were evolved for a total time t f in 10 4 , with
being recorded at xed intervals t. The mean (t f in ) derived from this collection was interpreted as an estimated value for , with the associated standard deviation interpreted as an estimated error. The standard Liapounov exponent is de ned for a single orbit in a t!1 limit. However, as noted already, in galactic dynamics one is interested in times that are relatively short in natural units. It is therefore natural to consider local Liapounov exponents (cf. Grassberger et al 1988 Grassberger et al , S epulveda et al 1989 , given by a nite time analogue of eq. (5). Speci cally, ( t) is de ned via the obvious prescription ( t) lim
A single local Liapounov exponent may not provide much useful information. However, by partitioning a long time integration into a series of intervals t, computing a local Liapounov exponent for each interval, and then examining the resultingdistribution, one can obtain important physical information about how the overall degree of instability varies along a given orbit. Such an approach has, for example, proven useful in analysing chaotic uid ows in the context of fast kinematic dynamos (cf. Finn et al 1991 , Varosi et al 1991 .
Another way to exploit local Liapounov exponents, especially natural in the context of galactic dynamics, is by computing the distribution of local Liapounov exponents for an ensemble of orbits integrated for a short time interval t (cf. Kandrup & Mahon 1994b) . Such a distribution provides information about the degree of variability exhibited by di erent orbits in a speci ed ensemble over a xed interval of time. This approach gures prominently in the analysis in Sections 3 and 4.
For the truncated Toda potential, is a monotonically increasing function of energy. For the D4 potential, initially increases with energy up to a critical value and then decreases, although apparently remaining nonzero for all nite E. In both cases, the magnitude of correlates with the relative size of the the stochastic phase space region, i.e., a large corresponds to a phase space that is largely chaotic. For the generalised Plummer potential, again increases to a maximum value and then decreases towards zero as one approaches the escape energy E = 0, even though the relative size of the stochastic phase space region does not exhibit a signi cant decrease.
This decrease in re ects the fact that, for high energies E ! 0, orbits move far away from the origin so that the characteristic crossing time becomes extremely long.
The results summarised in this paper are essentially the same for all three potentials. In each case, for a broad range of energies, the typical values of are between 0:1 and 1:0. Moreover, one observes a coarse-grained approach towards a near-invariant distribution on a time scale 10t cr with a rate that correlates with . However, this near-invariant measure does not correspond to the true invariant measure because of the e ects of cantori which, on short time scales, divide stochastic orbits into two classes: lling stochastic orbits, characterised by larger local Liapounov exponents and con ned stochastic orbits, characterised by smaller local Liapounov exponents. These similarities suggest strongly that the results derived in this paper are robust in the sense that they depend only on topological features of the phase space, e.g., the existence of KAM tori and cantori. For this reason the exposition in the following sections focuses primarily on results obtained for the generalised Plummer potential.
CONVERGENCE TOWARDS A NEAR-INVARIANT MEASURE 11
The general question of how an N-body system evolves towards a statistical equilibrium is very complicated and, despite substantial investigations, not yet completely understood. However, for orbits in a xed potential it is relatively easy to obtain concrete results admitting to a simple physical interpretation. Viewed in a pointwise sense, Liouville's Theorem prevents a true approach to a strict time-independent equilibrium (cf. Lichtenberg & Lieberman 1992). However, if one chooses to focus instead on a suitably coarse-grained description, it may in fact be possible to identify a precise sense in which generic initial conditions evolve towards a statistical equilibrium.
The simulations described here involved selecting localised ensembles of initial conditions corresponding to lling stochastic orbits, evolving these ensembles into the future, and then demonstrating that there is a precise sense in which the evolution is towards a near-invariant distribution. These experiments, performed for stochastic orbits in nonintegrable two-dimensional potentials, closely parallel Lynden-Bell's (1967) discussion of motion in a one-dimensional pig-trough (cf. his Fig. 2 ), the only signi cant di erence being that the one-dimensional model is integrable.
For each potential, orbital data for several ensembles were recorded at xed time intervals, and then binned to obtain coarse-grained phase space distributions f(x; y; p x ; p y ), as well as such reduced distributions as f(x; y) and f(p x ; p y ). An additional temporal coarse-graining was also e ected by averaging over several timesteps. One principal conclusion of this investigation is that these coarse-grained distributions exhibit a rapid exponential evolution towards a near-invariant distribution.
In order to identify such a notion of convergence, one requires a measure of distance between two di erent distributions. This was provided here through the introduction of a discretised L 1 norm, involving a pointwise comparison of the populations in each cell. Thus, for example, for two identically normalised distributions, f 1 (x; y; t) and f 2 (x; y; t), each binned into an n n grid, Df 1;2 (x; y; t) = P x P y jf 1 (x; y; t) ? f 2 (x; y; t)j 
where the sums extend over the elements of the n n grid. The exponential approach is towards a distribution which, albeit not strictly time-independent, only exhibits systematic changes over much longer time scales. If one examines individual snapshots, one discovers that both the evolution towards the near-invariant measure and the near-invariant measure itself exhibit oscillations. However, as discussed by Kandrup & Mahon (1994a) , if one e ects an average over 12 successive timesteps these oscillations are suppressed. The time scale associated with the approach towards the near-invariant measure is typically quite short, t 10. In physical units this corresponds to a time much shorter than the age of the Universe, t H . The time scale associated with subsequent systematic changes is typically t H . For xed energy, both the form of the near-invariant measure and the rate associated with the approach towards the near-invariant measure are independent of the choice of initial conditions, provided that the initial ensemble samples a collection of uncon ned stochastic orbits. Most of the experiments involved a consideration of initially localised ensembles, but the same rate was also observed for other choices of initial ensembles. For the initially localised ensembles, is also independent of the size of the phase space region. For example, reducing the size of this region by as much as a factor of 10 6 has no statistically signi cant e ect on the best t value.The conclusions are also independent of the details of the coarse-graining, at least within a limited range. This was veri ed explicitly for phase space binnings ranging from 10 10 to 40 40 and for temporal coarse-grainings over time intervals up to t 5?6. This exponential approach is exhibited in Fig. 2 , which plots ln Df(x; y) as a function of t for a single ensemble of 400 uncon ned stochastic orbits of energy E ?3:7, evolving in the generalised Plummer potential. Here Df represents the distance from the time-averaged near-invariant measure. The ve di erent curves re ect di erent coarse-grained n n binnings, with n = 40, 30, 20, 15, and 10. In each case, the data were generated via a temporal coarse-graining over an interval t = 2:5. At early times, all ve curves are approximately linear, and have essentially the same slope. At later times, the exponential decrease in Df halts, as each curve asymptotes towards a limiting value. This is a nite size e ect. Neither the near-invariant distribution f inv nor the coarse-grained f(t) associated with the initial ensemble is determined exactly, since each was constructed with a nite number of orbits. This means that, even if the numerically generated f(t) and f inv both sample the same analytic distribution, nite number statistics imply that Df(t) will be nonzero. When these statistical errors become the dominant source of di erences between the two distributions, the exponential decrease in Df must stop.
One also nds that the rate (E) associated with the exponential approach, Df exp(? t), correlates with (E). For all three potentials, is comparable to, but somewhat smaller than, , typically by a factor of order 3 ? 5. Moreover, and exhibit a similar curvature when viewed as functions of E. For the truncated Toda potential, both and are monotonically increasing functions of E. For the other two potentials, both and initially increase before reaching a maximum, and begin to decrease again. This is exhibited in Figs. 3 and 4 , generated respectively for the generalised Plummer and D4 potentials. In each Figure, (E) is represented by the lower curve in the top panel and (E) is shown in the bottom panel. The meaning of the upper curves in the top panels is explained in Section 4.
An analogous approach towards a near-invariant distribution is not observed for ensembles of regular orbits, although there is a sense in which, over longer time scales, an initially localised ensemble spreads out. For an initially localised ensemble comprised largely of con ned, rather than uncon ned, stochastic orbits, one still sees an approach towards an invariant measure, albeit at a slower rate than that observed for uncon ned stochastic orbits. This slower rate correlates with the fact that, as documented in Section 4, con ned stochastic orbits are less unstable overall, and thus characterised by smaller local Liapounov exponents. This behaviour is illustrated in Fig. 5 , which plots ln Df(x; y) for three di erent ensembles of orbits in the Plummer potential with energy E ?4:4, namely a regular ensemble, an uncon ned ensemble, and an ensemble comprised mostly of con ned orbits, but also containing some uncon ned stochastic orbits. The convergence rate for the con ned ensemble is approximately 40% as large as that observed for the ensemble of uncon ned orbits.
Although the near-invariant distribution seems nearly constant over short time scales, there is clear evidence for slow systematic variations over much longer time scales. This was, for example, demonstrated explicitly for the truncated Toda and D4 potentials. Speci cally, a comparison of the reduced, coarse-grained distribution f(x; y) at times near t = 100 and t = 1100 indicates an increase in the density of stochastic orbits near regions of regularity.
A simpler, albeit indirect, way to show that the near-invariant distribution is not a true invariant measure involves the computation of local Liapounov exponents. The Ergodic Theorem (Birkho 1927) implies an equivalence of time and phase space averages, provided that the phase space averages are computed with respect to the invariant measure. This means, however, that if a single, long-time integration is partitioned to generate a distribution of local Liapounov exponents, N orb ( ( t)), this N orb must coincide with the short-time distribution, N inv ( ( t)), generated from an ensemble of orbits that samples the invariant measure.
When the phase space is largely stochastic, and the regular regions are relatively small, the distributions N orb and N inv do in fact coincide, at least approximately. However, for energies where there are more regular orbits, the two can be quite different. This is illustrated in Figs. 6 and 7, which show the two distributions N orb and N inv for six di erent energies in the D4 and generalised Plummer potentials. For some energies, the two distributions are quite similar. However, for high energies in the D4 potential and for low energies in the generalised Plummer potential, where regular orbits are especially abundant, the two distributions exhibit signi cant di erences. These di erences demonstrate that the short-time integrations used to generate N inv sample a di erent distribution than do the long-time integrations used to generate N orb . An examination of the origins of these di erences is one principal focus of Section 4.
LOCAL LIAPOUNOV EXPONENTS AS A PROBE OF STOCHASTIC ORBITS
It has been long known from an analysis of maps (cf. Lieberman & Lichtenberg 1972 ) that stochastic orbits, originally traveling unimpeded throughout most of the stochastic phase space regions, can become trapped in regions immediately surrounding the regular orbits. Similarly, stochastic orbits, originally located near a regular island, can remain trapped near that island for very long times (cf. Contopoulos 1971) . This behaviour re ects the e ects of cantori which, albeit not absolute barriers, serve on relatively short time scales, t < t H , to divide stochastic orbits in strongly nonintegrable potentials into two classes, namely uncon ned and con ned.
The existence of these approximate barriers means that the near-invariant measure, towards which ensembles evolve on short time scales, need not correspond exactly to the true invariant measure. The situation is analogous to the classical e usion problem from statistical mechanics: Consider two evacuated chambers connected with one another by an extremely narrow conduit, and suppose that gas is inserted into one of the chambers. If the conduit be su ciently narrow, the time scale on which the gas e uses from one chamber to the other will be extremely long, much longer than the time scale on which gas lls the original chamber. This means that, even though the true equilibrium corresponds to a uniform population of both chambers, it is meaningful on shorter time scales to speak of an approximate equilibrium, where the original chamber is populated uniformly and the other chamber is essentially empty.
The distributions plotted in Figs. 6 and 7 were chosen to correspond to a sampling interval t = 100 comparable, in physical units, to t H . For the short time N inv , this entailed tracking an ensemble of orbits for a time t t H . For the long time N orb , this entailed partitioning each orbit of duration t f in = 10 4 into 100 segments of equal length t t H . Di erences between these two distributions provide information about how the statistical properties of orbits, evaluated over the interval t, vary as the orbits are evolved for much longer times.
Perhaps the most obvious point is that the short time N inv is characterised by a mean inv which is always comparable to, or larger than, the mean orb associated with N orb , which coincides with the true Liapounov exponent, . The two means tend to be comparable when the phase space is largely stochastic, but for energies where regular orbits are more important, inv tends to be substantially larger than orb . This implies that, overall, the con ned stochastic orbits are less unstable than the lling stochastic orbits. This behaviour is illustrated in the top panels of Figs. 3 and 4, which plot both inv and orb = .
Di erences in the shapes of the distributions N orb and N inv are also signi cant. The short time distribution N inv only samples a single population of uncon ned orbits and, consequently, is characterised by a a singly-peaked distribution, typically nearGaussian, although it can have an extended short-tail. For energies where the cantori are relatively unimportant, the long time N orb is quite similar in shape to N inv (cf. Kandrup & Mahon 1994b ) but, as illustrated in Figs. 6 and 7, in general this is not the case. As the cantori become more important, N orb acquires a more substantial tail than N inv and, when cantori become su ciently important, N orb can actually become bimodal. In this case, the data are consistent with a distribution constructed as the sum of two separate near-Gaussian distributions. However, despite these di erences, the long time N orb always has a local maximum at the same value of at which the short time N inv has its maximum.
It is also physically well motivated to explore the form of the distribution of local Liapounov exponents on shorter time scales. Computing the short time distribution N inv ( ( t)) for a given t provides information about the extent to which a single mean Liapounov exponent can usefully characterise a randomly chosen orbit over a time scale t. Computing the same distribution for di erent time intervals provides information about how the degree of instability varies in time.
The local Liapounov exponent ( t) computed for some nite interval t, can be viewed as the sum of a large number of separate contributions i , arising for dif-ferent segments from that interval. Suppose, however, that these i 's are completely uncorrelated, i.e., that the characteristic time on which the orbit \forgets" its local degree of instability is very short. The distribution N orb ( ( t)) can then be viewed as the convolution of separate, identical distributions associated with the individual i 's. However, the Central Limits Theorem (cf. Chandrasekhar 1943) implies that the resulting distribution will be Gaussian, with a dispersion that scales as k ?1=2 , with k the number of short time intervals. The fact that k is proportional to the total time t would then imply a dispersion / ( t) p , with p = 1=2. The data from the long time integrations were analysed to extract N orb for varying time intervals t from 10 to 1000, and it was discovered that is well t by a power law / ( t) ?p . However, the best t value of p is invariably smaller than 1=2, this indicating that the decorrelation time scale is not extremely short.
For the In each case, the largest exponents were observed for energies where the phase space is dominated by uncon ned stochastic orbits, whereas the lowest values were observed when cantori are more important, and two distinct populations of stochastic orbits are present. The data for the generalised Plummer potential are summarised in Fig. 8 .
DISCUSSION
Ensembles of stochastic orbits evolving in xed, nonintegrable potentials exhibit a rapid coarse-grained exponential evolution towards a near-invariant distribution. For xed energy, the rate (E) associated with this approach is independent of the detailed choice of initial conditions, depending only on whether the initial data correspond to con ned or uncon ned orbits, and correlates with the value of the Liapounov exponent, (E), which probes the average instability of the orbits. Even for timeindependent potentials, there is an approach towards a statistical near-equilibrium on short time scales t cr . The only crucial ingredient is that the orbits are stochastic.
However, this near-invariant distribution need not correspond to a true invariant distribution. Viewed on short time scales, there are two distinct classes of stochastic orbits, namely con ned orbits trapped near islands of regularity, and uncon ned orbits which travel unimpeded throughout the remainder of the stochastic sea. These two orbit classes are distinct not only in terms of where they are located in phase space, but also in terms of their overall degree of instability. Both classes of stochastic orbits are exponentially unstable but, as characterised by the distribution of local Liapounov exponents, the con ned stochastic orbits are less unstable.
Because the two orbit classes are approximately distinct over su ciently short time scales, one can speak of separate near-invariant distributions for each class, but one knows that an exact self-consistent equilibrium must involve the true invariant measure: A true self-consistent equilibrium has the property that, for xed values of the constants of motion, the phase space must be sampled uniformly. However, this constraint is su cient to specify the relative abundances of the three di erent classes, regular, con ned stochastic, and lling stochastic. Nevertheless, one might still try to construct approximate self-consistent equilibria invoking only con ned, rather than uncon ned, stochastic orbits, using them to help support structures in phase space regions where, due to resonance overlap, no regular orbits exist.
The potential problem with this is that the splitting into con ned and unconned orbits may not be stable towards discreteness e ects and other irregularities. which could accelerate di usion through cantori. For the deterministic calculations described in this paper, the time required to di use between lling and con ned stochastic orbits is very long, typically t H . However, Langevin simulations, in which the deterministic evolution is perturbed by small amounts of friction and noise, indicate that these perturbations can dramatically accelerate di usion to the extent that the characteristic time scale becomes shorter than t H (cf. Habib, Kandrup, and Mahon 1994) . For this reason, it may not be realistic to invoke only con ned stochastic orbits to support desired structures in these regions. However, if one includes both con ned and lling stochastic orbits with the correct relative abundances, the structure in question may be maintained if there is a detailed balance for transitions between lling and con ned stochastic orbits.
As noted already, there is evidence that stochastic orbits may in fact play a role in real galaxies. It is therefore important to understand the statistical properties of ensembles of stochastic orbits on short, astrophysically relevant time scales, so as to extract generic behaviour which may prove relevant for detailed modeling. Such has been the focus of this paper. The potentials considered herein neglect many features which must exist in real galaxies, including rotation, measureable deviations from simple symmetries, and time-dependent perturbations. However, it is still signi cant that the conclusions derived for these simple potentials all agree, both qualitatively and semi-quantitatively. This would suggest strongly that they are in fact robust, depending only on such topological properties of the phase space as the existence of KAM tori and cantori, and that they are insensitive to the detailed form of the potential.
Perhaps the most obvious concern is that these models are two-, rather than threedimensional. In higher dimensions, one encounters the new phenomenon of Arnold di usion, which connects phase space regions via the Arnold web (cf. Lichtenberg and Lieberman 1992). However, one knows both from numerical experiments and theoretical arguments (Nekhoroshev 1977 ) that the time scale for Arnold di usion is usually very long. It is therefore possible that, at least for a deterministic evolution on short time scales, orbits in three-dimensional systems are qualitatively similar to orbits in two-dimensional systems, although this is not guaranteed. Work on generalisations to three-dimensional systems is currently underway. 
